Abstract. Let G be a simple simply-connected exceptional algebraic group of type G2, F4, E6 or E7 over an algebraically closed field k of characteristic p > 0 with g = Lie(G). For each nilpotent orbit G · e of g, we list the Jordan blocks of the action of e on the minimal induced module Vmin of g. We also establish when the centralisers Gv of vectors v ∈ Vmin and stabilisers StabG v of 1-spaces v ⊂ Vmin are smooth; that is, when dim Gv = dim gv or dim StabG v = dim Stabg v .
Introduction
Let G be a simply-connected exceptional algebraic group over an algebraically closed field k of characteristic p ≥ 0 with g = Lie(G). It is a basic fact of the theory of algebraic groups that G is defined over Z; that is, there is a group G Z such that after extension of scalars to k, one gets the group G. If G is not of type E 8 , then G Z admits a non-trivial module (V min ) Z of smaller dimension. After reduction modulo p, one then gets a module V min for G. In case G = G 2 , F 4 , E 6 or E 7 such a module has dimension 7, 26, 27 or 56, respectively. Recall also that G acts via the adjoint action on its Lie algebra; the associated representation is called the adjoint module. With a classification of unipotent elements in hand, the Jordan block sizes of the action of unipotent elements of G on the adjoint module g and minimal module V min were computed in [Law95] (see also [Law98] ) and have been used extensively by the mathematical community. Recall that the characteristic p is good for the exceptional group G if p > 3 and if G is of type E 8 , p > 5. In good characteristic one has a Springer morphism: a G-equivariant bijective map between the variety of unipotent elements of G and the nilpotent cone N (g) of g. Thus the classification of orbits of nilpotent and unipotent elements is the same. At the beginning of [oGVAG05, §3] , a reference to a private communication with Lawther indicates that he has checked that the Jordan blocks of unipotent elements and associated nilpotent elements on the adjoint and minimal modules are always the same in good characteristic, with a single exception: on the minimal 56-dimensional module for E 7 when p = 5, the regular nilpotent element has blocks of size 23 2 , 10 whereas the regular unipotent element has blocks 24, 22, 10. A consequence of these calculations is that together with the remaining Jordan block sizes for nilpotent elements in bad characteristic found in [oGVAG05] , the block sizes on the adjoint module are therefore known in all characteristics. One aim of this note is to compute the Jordan block sizes of nilpotent elements on V min , which are new in bad characteristic. For completeness and ease of use, we have included the block sizes in good characteristic also. As explained above, comparison with the tables in [Law95] yields the following:
Let us reiterate that the paper [Her13] gives an answer to the question about centralisers when V is the adjoint module for G; the correct condition on the characteristic p of k is that it be pretty good for G. Also, Cartier's theorem tells us that all algebraic groups are smooth over fields of characteristic zero, so there should be some hope that there are answers which involve a bound on p. (Possibly p > dim V might suffice for the answer to be yes.) Note that V must be restricted for the answer to the question to be interesting: if V is a Frobenius twist W [1] of another non-trivial G-module W , then g acts trivially on V , hence centralises every vector, but G certainly does not. Futhermore, let us underline that already the question is interesting for the case that U consists of a single k-point of V . The part of the question dealing with stabilisers is much less likely to have a nice answer: see [HS16] which basically gives the answer for the corresponding question about normalisers of subspaces on the adjoint module.
1.1. Comparison with UGA VIGRE results: During the process of making these computations, it was discovered that there are a number of errors in the tables of representatives of nilpotent orbits in [oGVAG05] . In the appendix we have provided a complete list of corrected representatives derived from [LS12] and [Spa84] that can be used to fix the UGA VIGRE tables.
The first set of (minor) errors involve the transcription of representatives from the MAGMA code used into LaTeX, yet the stated Jordan block sizes remain correct. These orbit representatives are
With these corrections the UGA VIGRE representatives are correct for p = 0 and p ≥ 5.
The second set of errors orbits involve the following orbits in characteristics 2 or 3:
The problem is that the aforementioned listed representatives in [oGVAG05] break down in either characteristic 2 or 3, meaning that the Jordan block sizes are not correct in these cases. One can use the tables in the appendix for these orbits and their Jordan blocks to correct the tables in [oGVAG05] . In fact, we give all adjoint Jordan block sizes in all cases for completeness, even where they are known to coincide with those in [Law95] for good characteristic.
Jordan blocks
We describe the method of computation of the tables of Jordan blocks. All this was done in GAP. For convenience, we locate the relevant modules V min in subquotients of nilradicals of parabolic subalgebras of g. The general theory on the structure of nilradicals of parabolic subalgebras of reductive Lie algebras g = Lie(G) (and the group-theoretic analogues for G) can be found in [ABS90] . With the notation of [Bou82] we will give a description in terms of roots. In g of type E 8 with Cartan subalgebra h, we locate a Levi subalgebra l of type E 7 containing h and corresponding roots of the form * * * * * * 0 * , where each value of * is taken arbitrarily so that the result is a root. Then the derived subalgebra l ′ is simple of type E 7 and acts by derivations on the space spanned by the 56 positive roots of the form * * * * * * 1 * An analysis of the highest weight shows that this is indeed the 56-dimensional module V min = V 56 . Similarly, one locates E 6 in E 7 correponding to roots * * * * * 0 * acting on a 27-dimensional minimal module V min = V 27 corresponding to roots * * * * * 1 * . Nilpotent orbit representatives for E 6 and E 7 in all characteristics in terms of a sum of simple root spaces are available from [LS12] and [Spa84] . Now one realises all these elements in GAP. The package LieAlgebras in the standard distribution of GAP4 will construct a simple Lie algebra g of rank r and number of positive roots n = |R + | over the rationals which comes with a 'canonical' Chevalley basis B. This has {B . It is a simple matter to write any nilpotent representative e as a sum of a subset of the B[i] and also identify those B[i] which span a basis B V of V min as described in the previous paragraph. One may then ask GAP to compute the action of e on V min as a matrix over the basis B V by hitting each vector of B V with e and re-expressing this as a linear combination of elements of B V . This associates e to a (dim V min × dim V min )-matrix M e whose entries are integers by virtue of the fact that B was a Chevalley basis.
The Jordan blocks of e are then determined by the ranks of successive powers of M e . We first run a routine which bounds the number of exceptional primes whose Jordan block structure differs from the generic Jordan block structure as seen over Q. This works simply by taking the union over all primes dividing the elementary divisors of each power of M e . Then the Jordan block structure is output over Q, together with the Jordan block structure over F p for any exceptional p. The result for E 6 and E 7 is then output in the tables below.
The situation for the 7-and 26-dimensional minimal modules for the Lie algebras of type G 2 and F 4 is done similarly, but one must work just a little harder. One has that F 4 is a subalgebra of E 6 , such that the E 6 -module V 27 has restriction to F 4 which is V min ⊕ k unless p = 3 and V 27 |F 4 is uniserial with successive factors k, soc V min , and k. (It is in fact a tilting module.) If p = 3 then the module V min is irreducible and self-dual, so that for all p there is a quotient isomorphic to V min of dimension 26. Now F 4 is located in E 6 by sending the simple root vector e α 1 to e ′ α 2 , e α 2 to e ′ α 4 , e α 3 to e ′ α 3 + e ′ α 5 and e α 4 to e ′ α 1 + e ′ α 6 . The remaining positive root elements of F 4 expresed in terms of those of E 6 can be generated from this. If V 27 has basis B V it is straightforward to locate a vector stabilised by F 4 and then form the matrix of the action of each element e on the quotient; this gives a 26 × 26-matrix M e . One then repeats the procedure as described above for computing the Jordan blocks.
Finally, a similar procedure locates G 2 in a D 4 -Levi subalgebra of E 6 sending e α 1 to e ′ α 2 + e ′ α 3 + e ′ α 5
in E 6 and e α 2 to e ′ α 4 in E 6 . Then the 8-dimensional natural module V 8 for D 4 corresponding to roots 0 * * * 0 * is obtained via the roots 1 * * * 0 * . The restriction of V 8 to the G 2 -subalgebra contains a trivial submodule such that the quotient is isomorphic to V min as before.
Smoothness of centralisers and stabilisers
In this section we consider simple, simply-connected algebraic groups of type G := G 2 , F 4 , E 6 and E 7 over algebraically closed fields k of arbitrary characteristic acting on their minimal modules V min := V 7 , V 26 , V 27 and V 56 , of dimensions 7, 26, 27 and 56 respectively. The stabilisers and centralisers of 1-spaces of V min for the corresponding finite groups G 2 (F q ), F 4 (F q ), E 6 (F q ) and E 7 (F q ) are well-known to group theorists and we record the extension which gives the reduced part (Stab G v ) red of the scheme-theoretic stabilisers Stab G v in G of the 1-space v ∈ V min in the next lemma. (Recall that for an algebraic group K, over an algebraically closed field k, not necessarily smooth, one may associate a smooth algebraic group 
In this case, each orbit contains a unique element in one of the k \ {0} generic 1-spaces of the 0-weight space of
2 for a subsystem subgroup of type A 2 consisting of long roots.
First of all, observe that H, as a subgroup of the Z-defined embedding of G into GL(V ) for V = V 27 or V 56 is defined over Z, hence certainly overF p . We have 
A little more work is necessary to understand (iii)(e). It is shown in [CC88] that each 1-space not conjugate to any previously considered is conjugate to a subspace of a 'special plane' π = e 1 , e 2 , e 3 (in [CC88] a 'plane' is a plane of P(V 27 ), hence a 3-space of V 27 ). Moreover, all such special planes are conjugate under the action of E 6 and one may choose the e i to be weight vectors for E 6 . Since F 4 is in fact the stabiliser of an element e = e 1 +e 2 +e 3 of π, it is not hard to check that the 0-weight space for a maximal torus F 4 in V 27 / e is π/ e . Then a generic 1-space in π/ e is e 1 + t · e 2 + e for t = 0, 1. In light of [CC88] , the stabilisers in G of all generic 1-spaces are then seen to satisfy the conditions in (iii)(e) as stated.
For (iv) in characteristic 2, note that the stabilisers of the 1-spaces given are both maximal smooth subgroups H 1 and H 2 of G which are Z-defined. After reduction modulo 2, we will therefore have containments
It cannot be the case that either Stab G v 1 or Stab G v 2 is the whole of G, since G has no fixed 1-spaces on V min , so the isomorphism types of (Stab G v ) red must be as given. To see that the number of orbits is still the same, one counts the number of elements in orbits of 1-spaces for G 2 (q). If P is a long root parabolic of G 2 (q) it is an easy check that
as required.
Using GAP we find that the group-theoretic and infinitesimal stabilisers of 1-spaces correspond.
Theorem 3.2. Let G be simple and simply-connected of type E 7 (resp. E 6 , F 4 , G 2 ) and let
Then the stabilisers in G of vectors and 1-spaces of V are smooth-that is, dim G v = dim g v and dim Stab G v = dim Stab g v -with the following exceptions:
k. We wish to show that equality holds. For this, it suffices to show that dim
The values of the right-hand side are provided by Lemma 3.1.
To prove the equality of dimensions, we work with GAP in the following way:
(i) Construct V min in GAP as in the previous section with g contained in a Levi subalgebra l of a parabolic p = l + q ⊆ h for h = E 6 , E 7 or E 8 , such that V min is contained as a quotient of the unipotent radical q of p. (ii) Search for representatives for the G-orbits on V . Since one knows the finite number of orbits in case G is of type E 6 , E 7 and G 2 , one simply seeks this number of non-isomorphic stabilisers in G. Table 1 . Representatives of the orbits of E 6 and E 7 on minimal modules Table 1 ) and calculate its elementary divisors. It turns out that unless we are in one of the exceptional cases, all elementary divisors are either 1 or 0, hence the rank r of this matrix will not change after reduction modulo p.
To establish which, we simply add a new line to the matrix M containing the coefficients of v in terms of B and take its elementary divisors again. (vi) It turns out that apart from the exceptional cases dim
To deal with the case where G = F 4 and v has stabiliser of type D 4 , we perform a similar calculation with g[t] and working with matrices over Z [t] . Let v = e 1 + te 2 be a generic element in the 0-weight space of V min . Form M as before to get a 26 × 52 matrix. It turns out that 28 of these rows are identically zero and so the rank will not change after they are removed. It also turns out that for t = 0, 1, the resulting 26 × 24-matrix has, for any choice of t, a single non-zero entry in each row, with no two non-zero entries in a common column. Thus the rank of the matrix is 24 in all characteristics for all choices of t = 0, 1, and we are done.
Remarks 3.3. Except when (G, p) = (G 2 , 2), for each exceptional case from Lemma 3.2 we have that the group-theoretic stabiliser is one fewer dimension than that in the Lie algebra. In each case, there is an extra toral element which stabilises v or v which is not in the Lie algebra of the reduced part of the group-theoretic stabiliser.
For (G, p) = (G 2 , 2), the non-smoothness of the stabiliser of the 1-space whose reduced part is an A 1 -parabolic (which is a maximal smooth subgroup) implies that there is a maximal rank subalgebra h = g v containing an A 1 -parabolic subalgebra of g which is not the Lie algebra of any smooth subgroup of G, hence is not obtained using the Borel-de-Siebenthal algorithm. For our representative v, Stab g v = e α 2 , e α 4 , e −α 1 , e −α 2 , e −α 3 , e −α 4 , e −α 5 , e −α 6 , h 1 , h 2 , where h 1 , h 2 is a Cartan subalgebra of g. This is a long A 1 -parabolic after throwing in the outstanding root subspace e α 4 of the shortÃ 1 subalgebra which commutes with the A 1 Levi e ±α 2 , h 1 , h 2 .
For G 2 in characteristic 2, there are many more such maximal rank subalgebras, including one of dimension 11. These are discussed in some generality in [LH14] . One reason for the explosion in possibilities is the fact that in characteristic 2, one has, remarkably, an isomorphism of Lie algebras g ∼ = psl 4 .
Finally, let us remark also that when p = 2, the Lie algebras G 2 T 1 ⋉k 14 and B 3 T 1 ⋉k 7 are isomorphic; thus, while the stabilisers of the 1-spaces in the relevant orbits in V 26 are not isomorphic algebraic groups, their Lie algebra stabilisers are. Orbit Representative E 7 e100000 0 + e000000 Orbit Representative E 8 e1000000 
